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Abstract. Recent experiments and numerical simulations of dry granular flows
suggest that a simple rheological description in terms of a friction coefficient varying
both with shear rate and pressure through a dimensionless inertial number, may
be sufficient to capture the major properties of granular flows. In this paper we
first present the empirical consitutive laws and their interpretation using dimensional
analysis, before analysing the prediction for differents flows configurations. The
successes and limits of the approach are discussed based on comparison with recent
studies.
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1. Introduction

The flow of granular material has been the subject of an intense activity during the

last 20 years. Even in the case of cohesionless particles interacting only through

friction or collision, our description still lacks a unified point of view. One difficulty

is that the material seems to behave differently depending on the way it is handled.

When strongly agitated, the granular material behaves like a dissipative gas and kinetic

theories have been developed to describe this regime [1]. On the other hand, when slow

deformations are imposed, the quasi-static regime is often described within plasticity

theories. In between the two regimes, the material flows like a liquid, the particles

experiencing enduring contacts, which is incompatible with the assumptions of the

kinetic theory. Many experiments have been carried out the last ten years to characterize

dense granular flows in different configurations [2]. Theoretical attempts are based

on frictional collisional theories [3, 4, 5] or try to take into account the existence of

clusters or rigid objects within the flow [6, 7]. In this paper we restrict ourselves to

a much simpler approach, which is mostly based on a dimensional analysis. Several

recent studies [8, 2] have pointed out that simple dimensional arguments could provide

a reasonable framework for constitutive laws for dense granular flows. In this paper

we present the approach and discuss its predictions in different flow configurations.

Quantitative comparisons with recent experimental measurements are presented and

the limits of the approach are discussed.

2. The empirical friction law

Let us consider a granular material made of particles of diameter d and density ρp under

a confinement pressure P . The material is sheared at a given shear rate γ̇. Results from

numerical simulation using molecular dynamics method [8, 10] suggest that the shear

stress τ is proportional to the confining pressure and can be expressed as follows:

τ = Pµ(I) (1)

The friction coefficient µ depends on a single dimensionless parameter I called the

inertial number by Da Cruz et al [8, 9] defined by:

I =
γ̇d√
P/ρp

. (2)

As discussed in recent papers [2, 8], an interpretation of the parameter I can be

given in terms of the relevant time scales controlling grains motion. Let us consider the

motion of one grain during a simple shear. The grain first follows the mean deformation

γ̇ but eventually reaches an unstable position when passing over the crest of the particle

just below. It is then rapidly pushed back in the next hole due to the confining pressure

P . The time of this microscopic rearrangement can be estimated by a simple free

fall of the particle of diameter d and density ρp under a force Pd2 over a distance d:

tmicro = d/
√

P/ρp. The parameter I is interpreted as the ratio between this rapid time
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Figure 1. (a) Ratio of shear to normal stress τ/P as a function of the dimensionless
shear rate I = ud/h

√
P/ρ in simulations of plane shear. (b) τ/P as a function of

I = ud/h
√

gh estimated at the base for flow down inclined planes. (c) Sketch of the
dependence of the friction coefficient µ with dimensionless shear rate I = γ̇d/

√
P/ρ

of rearrangement tmicro and the mean time tmean = γ̇−1 taken by the particle to move

from one hole to the next one. Notice that the dimensionless number I could be seen

as the square root of the Savage or Coulomb number introduced previously by some

authors as the ratio of the collisional stress to the total stress [11, 12]. If one considers

rigid particles such that the elasticity of the particles is irrelevant, and if one neglects

the finite size of the sample, I is the only dimensionless parameter of the problem [2].

As a consequence, the shear stress τ has to be proportional to P times a function of I.

The shape of the function µ(I) can be obtained from the numerical simulations of

plane shear or indirectly by experimental measurements for flow down inclined planes

(Fig. 1) [2]. Both data seem to show that the friction coefficient goes from a minimum

value µs for very low I up to an asymptotical value µ2 when I increases. We then

propose [20] the following expression for the friction coefficient:

µ(I) = µs +
µ2 − µs

I0/I + 1
(3)

where I0 is a constant. Typical values for glass beads in 3 dimensions are µs = tan 21o,

µ2 = tan 33o, I0 = 0.3.
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To get complete constitutive laws, we have to stipulate how the volume fraction

varies with the parameters. Again from dimensional analysis, one can argue that the

volume fraction should be a function of I. A more precise formulation can be obtained

by considering the simple picture of one bead moving over the particles just below.

When the particle is in the hole formed by two particles below, one can assume that the

volume is maximum equal to φmax. However, when a rearrangement occurs, the particle

goes out from the trap and we assume that the volume fraction decreases to a minimum

value φmin . Knowing that the typical time of rearrangement is tmicro and that the time

the particle stays trapped is tmean − tmicro, we can compute the time averaged volume

fraction φ:

φ =
tmicroφmin + (tmean − tmicro)φmax

tmean

. (4)

It follows that the volume fraction varies linearly with the dimensionless shear rate

I = tmicro/tmean:

φ = φmax − (φmax − φmin)I. (5)

Typical values are φmax = 0.6 and φmin = 0.5.

Equations 3 and 5 represent constitutive equations that can be applied to predict

different flow configurations. In the next section we discuss the predictions made with

this approach and compare them with experimental observations.

3. Different flow configurations

3.1. Plane shear

The first important test of the rheology concerns the simple plane shear without gravity.

The plane shear configuration is shown in Fig. 2 (a). A granular layer of thickness h

is sheared by the motion of the top plate at a velocity u, a constant pressure P being

applied on the plate. Simulation shows that in this case the velocity profile is linear with

a constant volume fraction. From a theoretical point of view, the force balance imposes

that both the shear stress τ and the pressure P are constant across the direction z. As a

consequence, according to relations 3 and 5, the shear rate and the volume fraction are

constant across the layer in agreement with what is observed in the simulations [8, 10].

The predicted velocity profile is linear as sketched in Fig. 2 (a).

One can then conclude that the predictions of the proposed rheology for plane shear

are in agreement with the observations.

3.2. Plane shear with gravity or Couette flow

Contrary to the previous case, as soon as gravity is introduced or if the shear cell is

cylindrical, the stress distribution is no longer homogeneous across the cell (Fig. 2 (b)).

The ratio between shear stress and pressure decreases when going away from the moving

wall. As a result, there exist a critical distance where τ/P reaches the critical value
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Figure 2. Theoretical predictions for the velocity profile V (z) and the volume fraction
φ(z) using constitutive law 3 and 5 for : (a) plane shear; (b) plane shear with gravity
and couette cell; (c) vertical chute flow; (d) inclined plane; (e) flow on a pile in a
narrow channel.
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µs and the parameter I vanishes (eq. 3). Further from the wall, the material is then

static. The constitutive laws 3 and 5 predict a shear band localized close to the moving

wall, with lower volume fraction as sketched in Fig. 2 (b). This prediction looks like the

shear bands observed in experiments [13, 14, 2] and numerical simulations [9]. However,

in the model the thickness of the shear band strongly depends on the velocity of the

moving wall and tends to zero in the quasi-static limit. This is not what is observed in

experiments, where a shear band of 5 to 10 particle diameters thick still persists at low

velocity.

One can then conclude that the existence of shear band in the quasi-static limit is

not captured by the simple rheology presented here. For higher shear velocities, no data

are to our knowledge available.

3.3. Vertical chute flow

A vertical granular chute flow is obtained when granular material flows in a silo made

of two rough vertical planes in 2D or in a rough cylinder in 3D. In this case the force

balance in the steady uniform regime predicts that the pressure P is uniform across the

silo but the shear stress τ varies linearly. As a consequence, the ratio τ/P varies linearly

also [15]. There exists a critical distance from the wall where it goes below the critical

value µs. The model then predicts two shear bands close to the walls as sketched in

Fig. 2 (c). Although shear bands are observed in experiments [16, 17], they do not

correspond to those predicted by the model. In the model the shear band thickness

vanishes in the quasi-static limit whereas it remains finite in the experiments.

The conclusion for the vertical chute flow is the same as for Couette flow. The shear

bands observed in the quasi-static limit are not captured by the model and no data are

to our knowledge available at finite shear rate to compare with the predictions.

3.4. Inclined plane

The inclined plane geometry is shown in Fig. 2(d). A granular layer of thickness h flows

down a rough plane inclined at an angle θ. The force balance for steady uniform flows

implies that the ratio between shear stress and normal stress is constant and equal to

tan θ. As a result, equation 3 means that the dimensionless shear rate I is constant across

the layer. The first consequence is that according to eq. 5 the volume fraction is constant

across the layer, its value depending on the inclination. This is in agreement with results

from molecular dynamics simulation [18, 2]. A second consequence is that the shear rate

varies with depth as the square root of the pressure, namely, as the square root of the

depth. The resulting velocity profile is the so-called Bagnold profile with a velocity

varying with the power 3/2 of the depth. Such profiles are observed in simulations

[2]. However, for thin flow the observed velocity profile becomes linear, which s not

capture by the model. The last prediction, which is compatible with the experimental

observation, is the scaling observed for the depth averaged velocity. Experimentally or

in simulations, the mean velocity varies like the power 3/2 of the depth and increases
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with inclination [19, 18]. This is captured by the constitutive law and the variation with

the inclination is correctly predicted if one chooses for µ(I) the empirical formulation

given by eq. 3.

One can then conclude that the characteristics of flows on inclined plane are well

captured by the constitutive law. However, one has to notice that the transition from

flow to rest is not correctly described. The model predicts that no flow is possible below

a critical angle θs = tan−1(µs) independent of the thickness. In the experiments, it

is observed that the critical angle increases when the thickness of the flow decreases

[19, 18].

3.5. Flow on a pile

A free surface flow on a pile is obtained when grains are poured at the top of a pile

as sketched in Fig. 2 (e). Many studies in this configuration report a flowing granular

layer of typically 10 particles diameters, the velocity profile being linear close to the

free surface and exponential deeper in the pile [2]. Such velocity profiles seem a priori

incompatible with the constitutive laws presented here. If one neglects the influence

of side walls, the stress distribution of steady uniform flows is rigorously the same as

in the inclined plane leading to the prediction of a Bagnold profile and not a linear

velocity profile. However, we have performed recent experiments showing that in this

configuration, where the slope of the pile is not imposed but chosen by the system, side

walls friction is never negligible [20]. In other words, the system adjusts its slope such

that sidewall friction is always of the same order as the internal friction. Any theoretical

description of this configuration should then takes into account sidewall friction. In [20],

we show that the use of the simple rheology eq. 3 for the internal friction allows to

predict localized velocity profile as long as side wall friction is included. This can be

explained as follows. As one goes deeper and deeper in the pile, the wall friction is more

important and screens the gravity force. As a consequence, the ratio between shear

stress and pressure decreases when going deeper, down to the point where it reaches the

minimum value µs where the material does not flow. The predicted velocity profile has

the shape as drawn in Fig. 2(e), close to what is observed experimentally. The slight

difference is that the exponential tail is not predicted. The predicted volume fraction

profile is also presented in the in Fig. 2(e). Because of side wall friction, the parameter

I is no longer constant across the layer as it was in the inclined plane but decreases

when going deeper in pile, leading to the variation of the volume fraction in agreement

with what is observed in the experiments [2].

An important result is that the agreement is not only qualitative but also

quantitative. By calibrating the friction law on inclined plane experiments, we have

been able to quantitatively predict how the inclination of the pile, the free surface

velocity and the thickness vary with the imposed flow rate as shown in Fig. 3. This

agreement strongly supports the description in terms of the friction law eq. 3.

More recently, a three dimensional generalization of the friction law has been
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Figure 3. Comparison between theoretical predictions (solid lines) and experimental
measurements for flow on pile in a channel of width W for (a) the free surface inclination
, (b) the free surface velocity and (c) the flow thickness as a function of the flow rate
Q.

proposed [21], allowing a description of the 3D flow pattern that develops in the

configuration of Fig 3. The tensorial generalization of eq. 1 is obtained by introducing

an effective viscosity η, which depends both on the shear rate as in non-newtonian fluid,

but also on the pressure. The stress tensor of the granular fluid is written as follows

[21]:

σij = −Pδij + τij (6)

with

τij = η(I, P )γ̇ij and η(I, P ) =) =
µ(I)P

|γ̇|
.

The second invariant of the tensor is given by: |γ̇| =
√

1
2
γ̇ij γ̇ij

The figure 4 shows the prediction of the above rheology for the flow on a pile

confined between two lateral smooth walls. The model captures the influence of the

wall friction and predicts both the vertical shearing and the transverse shearing. Again,
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Figure 4. Velocity profile predicted by the 3D generalization of the friction law eq.
6 for a granular flow confined between two smooth walls distant from W = 142d at
inclination θ = 22.9o .

a quantitative agreement is obtained for the transverse velocity profiles, without adding

any fit parameter [21].

3.6. Submarine avalanche

A last example where the simple constitutive law seems to be relevant is the case of

submarine avalanches. We have performed experiments of granular flows down a rough

inclined plane fully immersed under water [23]. Systematic measurements of the mean

velocity as a function of inclination θ and flow thickness h have been carried out. The

experiments reveal that the velocities are one order of magnitude smaller than in the

dry case (Fig. 5). However, we have been able to collapse all the data coming from both

dry and immersed configurations on a single curve applying the following procedure.

We have seen that the control parameter for dry granular flow is the parameter

I, the ratio between the time taken by a particle to fall in a hole tmicro and the mean

time related to the shear rate tmean = γ̇−1. It is then interesting to wonder how this

simple picture is modified when introducing the interstitial fluid. If one assumes the

flow to be in a regime where the contacts between particles are still important, the

motion of the grains is going to be the same in the presence of fluid or not, except that

the time tmicro it takes for a particle to fall in a hole could be affected by the fluid.

This idea suggests that immersed dense granular flows could be described by the same
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submarine flows

D ry flows

Figure 5. Velocity of steady uniform flow down rough inclined planes as a function
of flow thickness for different inclinations : (a) immersed case (b) dry case.

constitutive law eq. (3) that has been identified in the dry case, but with a modified

dimensionless parameter I, the time scale for microscopic rearrangements being now a

viscous time scale. A detailed analysis of the time scales for grains falling in fluids has

been carried out by Courrech du Pont et al [22] and can be used to estimate the time

of fall. One can show [23] that in the case of small particles in water, the dimensionless

shear rate in the viscous regime should then be written as : Iv = ηγ̇/αP , where η is

the fluid viscosity and αd2 the permeability of the granular packing (typically α = 0.01

for random loose packing [24]). This approach then predicts that the rheology is simply

τ/P = µ(Iv), with µ being the same function as in the dry case (eq. 3). The data

should then collapse on a single curve when the inclination of the plane, which is equal

to the friction coefficient for steady uniform flows, is plotted as a function of Iv. The

Figure 6 shows that the collapse is good even when changing the particles sizes and that

the resulting master curve coincides with the one obtained for dry avalanches. This

result shows that the same function µ(I) can describe both aerial and submarine dense

granular flows.
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Iv I

Figure 6. Friction coefficient τ/P as a function of the dimensionless shear rate Iv for
the immersed case (white symbols), as a function of I for the dry case (black symbols).
Circles and squares correspond to two different particle sizes (110 and 210 µm)

.

4. Discussion and limits of the approach

From the different configurations presented in the previous section one can conclude

that the constitutive laws 3 and 5 correctly describe the flow characteristics when the

material is flowing in the dense regime. Within the same framework, flows on inclined

planes, flows on heap and planar Couette flows can be described. The important point is

that quantitative predictions are now available for velocity profiles, at least when using

beads or spheres as a model granular media [20, 21].

However, limits exists in this simple approach. The first limit concerns the high I

limit. In the proposed simple model, the friction coefficient simply tends to a constant µ2

when increasing I. However, all the experiments or simulations reported above are in a

range where I < 0.3. For higher value of the inertial number, a transition to a collisional

regime occurs [8, 10] and the dynamics depends on the coefficient of restitution of the

particles. Taking into account this transition still represents a challenge.

The second and more dramatic limit for applications concerns the quasi-static

regime. First the characteristics of the flow and the existence of shear bands when the

shear rate vanishes are not captured. Second, flow thresholds are not well described. In
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the proposed model, the yield criterium is simply given by a coulomb criterion with a

coefficient of friction µs. Experimentally, things are more complex and finite size effects

exist, for example in the inclined plane configuration, where the critical angle depends

on the flow thickness. Moreover, no hysteresis is included in the simple friction law

presented here. This means that situations like triggering of avalanches where both

static and moving grains are simultaneously present can not be described [25].

5. Beyond the simple µ(I) rheology

A plausible explanation of the limits of the proposed approach for slow flows is that

the underlying physical mechanism controlling the rheology at the grain level involves

correlated motions like clusters or vortices [6, 7], whereas the simple rheology eq. 1

ignores such correlations and assumes a local one to one relation between shear stress

and shear rate.

Figure 7. Fluctuating velocity field at the free surface of a granular flow down a
rough inclined plane. (a) θ = 21o, (b) θ = 26o

.

Experimental evidence of such correlated structures are found in different

configurations [26, 27, 33]. An example is given in Fig. 5 for the inclined plane

configuration. The experiments consist in measuring the velocities of individual particles

at the free surface of the flowing layer and studying the spatial correlation of the

fluctuating motions around the mean translating motion. Measurements show that

the fluctuating velocities are correlated over a distance varying from 1 particle diameter

up to 10 particle diameters when changing the inclination of the plane [33]. Slow flows

(low θ and low I) exhibit large correlations, whereas more rapid flows (high θ and

high I) exhibit small correlations. The important result is that the correlation length

varies with inclination in the same way the minimum thickness necessary to get a flow
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varies. This strongly supports the idea that the flow stops when the thickness of the

layer becomes of the same order of the correlation length. This idea, first proposed by

Ertas and Halsey [7, 29], suggests that in order to correctly capture the flow-no flow

transition, non local rheology taken into account the correlated motions is necessary.

Several theoretical models are developed in this direction, by considering objects like

clusters [29] or arches [6] or by writing some non local interactions between grains trough

the contact network [15].

However, other approaches also exist not based on the existence of correlated

motions. Phenomenological approaches based on two phase models, one phase being

solid, the other liquid, give promising results when describing avalanches processes [28].

Models describing more precisely the role of the volume fraction in the constitutive

laws also give interesting results [5]. However, complete constitutive laws capturing the

whole dynamics of granular flows, from the quasi-static regime to the liquid regime with

a correct description of the jamming properties still remain a challenge.

6. Conclusions

In this paper we have reviewed some results concerning simple constitutive laws to

describe granular flows in the dense regime. The simple laws derive from dimensional

analysis [8, 10, 2] and give the relation between the shear stress and the shear rate as

a friction law. The friction coefficient and the volume fraction are functions of a single

dimensionless parameter involving the shear rate and the pressure I = γ̇d/
√

P/ρp.

This parameter can be interpreted as the ratio between the time scale of microscopic

rearrangements and the time scale related to the mean deformation. This parameter

allows to connect the different flow regimes. Quasi-static flow are obtained when I → 0

i.e. when the mean deformation is much slower than the time of rearrangements,

whereas the kinetic collisional regime is reached at high I. We have shown that this

simple approach allows to quantitatively describe different flow configurations. The

interpretation of I in terms of time scale ratio also allows to generalize the approach to

granular flows in fluids. Clearly, this simple description captures the main properties

of granular flows. However, we have seen that the model is no longer valid when

approaching the quasi-static limit, probably because grain motions start to be correlated

on a length scale of the same order as the size of the system. Much work remains to do

to better understand the transition between the different flow regimes.
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